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Q1. Let x = (last digit of your index number)Mod 3 + 1. Select matrix number x and call it A.

-11 -10 5 1 -3 3 4 1 -1
( 5 4 —5) ) (3 -5 3) ) (2 5 —2)
—-20 =20 4 6 —6 4 1 1 2

You will be given the characteristic polynomial, eigenvalues and eigenvectors.
1
Diagonalize the matix A. Find A%, A1, Azand e4.

1 -3 3 1 0
Solution: Let A = (3 -5 3). Eigenvactors correspondingto A = —2 are (1) and (1)
6 —6 4 0 1
1
Eigenvector correspondingto A = 4 is (1) (See Soluitions to Test8)
2 1 0 1
So we have the diagonalization AP = PA with P = (1 1 1) and A = ( —2 0)
0 1 2
1 0 1\
Here P is invertible(why?) and P~1 = (1 1 1) = l(— 0 )
0 1 2 ’ -1 1
Now A = PAP 1 s0 A? = AA = (PAP~Y)(PAP™Y) = PA(P™1P)AP™1 = PAIAP™Y = pA%2pP~1

-2 0 0\/-2 0 0 (—2)2 0 0
Here A% = ( 0 -2 o)( 0 -2 o) =l o0 (-2)2 0
0 0 4/\o0 0 4 0 0 a2
(—2)" 0 0
In the same way A" = PA"P ! and A" = ( 0 (=2)" 0 ) : raising the diagonal to power n

0 0 4"
So A0 = pA1Op~1 =

1 0 1\/(-2)1° 0 0\ /1 1 -1 524800 —523776 523776
1 1 1 0 (-2)© o0 |3{-2 2 0 |=| 523776 —5227522 523776
0 1 2 0 0 410 1 -1 1 1047552 —1047552 1048576
1
o (=22 0 0 V2 0 0 -
WithAz=| o (=2)7 0 |=| 0 +ivZ 0 |weseethatAzAz=A
1 0 0 +2
0 0 42

1 1 1 1
Also (PAzP~1)(PAzP~1) = PAzIA2P™1 = PAP™! = A.
) ) 10 1\/#vZ 0 0\ /1 1 -1
Sowe candefine Az =PAzP~1=(1 1 1 3 -2 2 0 ] which has 8 values
01 2 1 -1 1

1 0 1\/~1/2 0 0 1 1 -1 -1/8 -3/8 3/8
Also A=t = (PAP~ )"t = pA~1p1 = (1 1 1)( 0 -1/2 0 >§<—2 2 0 ) = ( 3/8 -7/8 3/8)
0 1 2 0 0 1/4 -1 1 3/4 —3/4 1/4
1
© = (=2)" 0 0
o (Dm0 0 / Zn=o7y (72) ) \ e2 0 0
et = f=03=2f=0;< 0 =2)" o0 ) = | 0 f:o;(—z)n 0 | =< 0 e? 0>
' ' n ' 4
0 0 4 \ 0 0 Z?{;o%‘l"/ 0 0 e
N 1 0 1\/e?2 0 0 1 1 -1
et = i’é’:o%=2${’:o$PA”P‘1=P( ?;)OA )P_ PeAP‘1=<1 1 1)( 0 e? O)%(—Z 2 0)
' ' 01 2/\0 0 e* 1 -1 1

Note: The above infinite series of matrices are always converging. We take A° = I.

1 1 0 0 1 1
Note: Given eigenvalues and eigenvalctors means A| 1 |=—-2[1 |, A{1]|=-2(1],A|1]=4]|1
0 0 1 1 2 2

So we can write

() ) G- =C) DG 6 GG < )

1 0 1 1 0 1N/-2 0 ©
orA<1 1 1>=<1 1 1)(0 -2 O)orAP=P/listhediagonalizationofA

01 2 01 2/7\0 0 4
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Q2. Prove the Caylay-Hamilton Theorem. Use it to find the inverse of A.

Solution:

det(A — AI) I = (A — Al)adj(A — Al) because of the general result: det CI = CadjC.

Here adj(A — AI) is a n X n matrix having polynomials of A of degree n — 1 as entries.

We can write such a matrix as a polynomial of A of degree n — 1 with coefficients B; which are n X n matrices.

Therefore

p(A)I =det(A—AD)I

= (A — ADadj(A — AI)

=(A- DT B A

= Yo AB A — XIS) By A"t = ABy + XIS AB AT = XIS B 1 AT = By g A"
= ABy + X5 (AB; — Bi_1) A' — Bp_4 A"

Let p(A) = Y% ya; At sop(DI = ¥y a; I
Equating the coefficients of A we get

aol =ABO
aiI =ABi—Bi_1;i = 1,"',Tl—1
anl = —Bpn_4

Now substituting for coefficients a; we have

p(4) , ,

=YioawA =X Ala;l

= aol + Y1 Ala;l + Amay,l

= ABy + X2 AY(AB; — Bi_1) — A"Bn_4

= ABy + X5 (A B, — A'B;_;) — A"Bp_4

= ABy + Y15 A B — YIS ATy — A" By

= ABo + YISP A" B + A"B,_y — ABy — X A'B_y — A"By_4
= Y ATIB — YIS BATT

=0

So we have p(A) = 0 which is the Caylay-Hamilton Theorem.

For the question given p(1) = 13 — 121 — 16 (see Test8 solutions)
Therefore by Caylay-Hamilton Theorem, we have

p(A) =A% —124A—-161 =0
Multiplying both sides by A~* we have
ATY(A%3 —124—-161) = A"10

A2 —12I1-16A"1=0

Therefore
16471 = A2 — 121

1 -3 3\/1 -3 3 1 0 0
= (3 -5 3) (3 -5 3) —-12 <0 1 0)
6 —6 4/ \6 -6 4 0 0 1
10 -6 6 1 0 0 -2 -6 6
(6 -2 6)—12(0 1 O>=<6 -14 6>
12 -12 16 0 0 1 12 -12 4

-2 —6 6 -1/8 -3/8 3/8
SoA‘1=%<6 —14 6>=<3/8 ~7/8 3/8)
12 —-12 4 3/4 —3/4 1/4



