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1. Prove the Cauchy-Schwarz inequality: |[{u, v)| < ||u||||v|| for elements w, v in an inner product space
Solution

LetF =C.

Ifv = 0ieif|lv|| = 0 we have [(u,v)| =0 < 0 = ||lul|||v]|
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Therefore |(u, v)|* < |lull?||v]|? and [(w, v)| < [lullllv]| (why?)
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2. lLetf,g €Cla,b]and F = R.Show that(f,g) = f:f(x)g(x)dx is an inner product. What does Cauchy-Schwarz
inequality look like?
Solution

Let Cla, b] be the set of Continous Real Valued Fucntions on [a, b]
andf,g,h € Cla,blanda € F = R.

1. Now f,g,fg € R[a, b] ie Reimann Integrable on [a, b](Theorem, why?)
hence, (-): Cla, b] X C[a, b] —» R given above is a Function.

N

Af9) =) Fg@dx = [ g()f (0)dx = (g, f)
3. {f+g.h) = [L(f + 9@h)dx = [[(f(x) + g())h@)dx = [} (FOR) + g()h(x))dx
= [7 FOOR@)dx + [ g dx = (f,h) + (g, h)

4. {cf,g) = [[(cH@g®)dx = [} cf ()g@)dx = ¢ [} f(x)g(x)dx = c(f, g)
5. (f,f) = [L fFOOfdx = [*(f(0)) dx > 0and

f.fl=0 f:(f(x))zdx =0 ©Vx€lab],f(x) =0=0(x) & f =0 = 0 the Zero Function
(upto a set of measure 0?7, why?)

Now [{f, )| < lIfIlllg|l reads as

2 Fgedx| < () dx [ gC2ax or
(12 r@gdx) < [2(F0) dx [2(9(0)) dx




