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Solve the following Wave Equation.
0%u  0%u
a2~ ax?’
u(0,t) =0, u(m,t) =0, u(x,0) = sinx, Z—Ltl(x, 0) = x?

O<x<mt>0

Solution by Fourier Series
Letu(x, t) = X(x)T(t)

SO Uy (x, t) = X" (X)T(t) and ug (x, t) = X(x)T"(t)

We have U (x,t) = Uy, (x, t) or X" (x)T(t) = X(x)T"(t) or%ix)) = TT+(£) = p where p is a constant

Let u = —A% < O(see next page for other cases)

Then X" (x) = —22X(x) and T"'(t) = —A2T(¢t)

The solutions are X(x) = asinAx + bcosAx and T (t) = csinAt + dcosAt

Therefore u(x,t) = (asindx + bcosAx)T(t)

We have u(0,t) = (b)T(t) = b = 0 = u(x,t) = asinAxT(t)

And u(m,t) = asinAnT(t) =0 =>sindr =0 =sinnt 2 An=nt =>A1=n€Z

So we have u(x, t) = asinnxT(t) = sinnx(acsinnt + adcosnt) = sinnx(A,sinnt + B, cosnt)
Since the PDE is linear following is the general solution

u(x, t) = Yp-_o sinnx(A,sinnt + B,cosnt) = 0 + Yo, sinnx(a,sinnt + b,cosnt)

Now u(x,0) = Y- sinnx(b,) = bysinx + };_, bysinnx = sinx = by =1land b, =0,n > 2
So u(x,t) = Yy=q1 bpsinnxcosnt + Y.5—; a,sinnxsinnt = sinxcost + )5, a,sinnxsinnt

Now u,(x,t) = —sinxsint + ),;7_; na,sinnxcosnt

And we want u,(x,0) = 0 + Y%, na, sinnx = x?

To write x2 as an infinite sum of using only sin, we will find the Fourier Series of f(x) which is x? on [0, 7] and
—x2on [-m, 0].

Then we have

2mc, = ffnf(x)einxdx = f_on —x%2e™*dx + fonxzeinxdx = —f:xze‘i""dx + fonxzeinxdx =2ilm f:xzei""dx

And 2mcy = 2iImf0”x2dx =0=>¢cy=0

Whenn # 0
o . . o
T i etnx welnX n?cosnt 2 [ e™* "X
[ x2e™dx = [xz , ] — [ —2xdx =— .—[ — — — 2]
0 in lg 0 in in in in (in)
0
2 2 n n
. TT“COSNT 2 cosnm—1 .me(—1 2 (D)7 -1
=—i — = [ncosnr[ - —] = EEb 2 [n(—l)” + lL]
n (in)? in n n2 n

. i 20 n — n_
Soc, = %ilm f:xzem"xdx = i(—” (17 4 2D 1))

n n3
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We also note that c_,, = —¢,
Then u (x,0) = Yoo naysinnx = x2 = ¥ _ o cpe ™ = ¢y + Yoo i cp(e™™ — ™) = 0 + Yoy —cp2isinnx

. —2ii
So we need na,, = —2ic, ora, = TE(

_ment 2((—1)“—1)) __2n(-1)" _ 40-(-)™)
n n3 n? nn*

2r(-1)" _ 4(@1-(-1D")
- B

2 ) sinnxsinnt
n

And finally u(x, t) = sinxcost + Yp—; (
This won’t be tested, ie. you don’t have to show all the cases

Casel:u=0

X"(x) =0and T"(t) = 0 ,the solutions are X(x) = ax+ bandT(t) =ct +d
We have u(x, t) = (ax + b)T(t)

u(0,t) =M)T(t)=0=>b=0=u(x,t) =axT(t)

u(m,t) = anT(t) =0=a =0 = u(x,t) = 0,a contradiction

Case2:u=12>0

X" (x) = A2X(x) and T"'(t) = A2T(t) ,the solutions are X(x) = ae?* + be™** and T(t) = ce? + de ™
We have u(x, t) = (ae’b‘ + be_)‘x)T(t)

u(0,t) =(a+b)Tt) =0=>a+b=0=b=—-a=>u(lxt) = a(e)‘x — e"lx)T(t)

u(m,t) = a(e)‘” — e"ln)T(t) =0=a=0=u(xt)=0,acontradiction
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Solution by Laplace Transform (this won’t be tested)
Let (x,8) = fooo u(x, e stde , u(k,t) = fooo u(x, t)e **dx

u(0,8) = fomu(O, e Stdt = 0, u(m, $) = fooou(n, e Stdt =0

u(k,0) = fomu(x, 0)e **dx = fom sinxe ®*dx = 1+1k2

ue(k,0) = [7uc(x,0)e *dx = [ x?e**dx = 2
u,(0,8) = fooo u, (0, t)e~Stdt = g(s), say
u(k,8) = [ ulx, e dx = [ u(k, t)e~stdt

Taking Laplace Transform of u;:(x, t) = Uy, (x,t) w.r.t t we find that

fooo Uy (x, D) e Stdt = fooo e (x, t)e Stdt
2
Or %u(x, $) = s%u(x, $) — su(x,0) — u.(x,0), now taking Laplace Transform w.r.t x

We have k2u(k,3) — ku(0,3) — u,(0,3) = s?u(k, 3) — su(k,0) — u.(k,0)

And substituting the boundary conditions we get

kzu(lz,ﬁ) —k0—g(s) = Szu(k’g) -S 1+1k2 - k2_3

-, 1 2
(k? —s®)u(k,8) = —s —5+490)

1+k2

) 1 _ 2 9(s)
u(k’ S) S (1+k2)(k2—52) k3(k2—52) + (kZ_SZ)

-1 1 1 2 (-1 1 1 g(s)
= —S —=(— _
(1+k2 + k2—52) 1452k (kZ + k2—52) 52 + (k2-52)

s 1 s 1 ii_il(—_l 1)1 g(s)
s (k?-s2)

T 1+s21+4k2  1+s2k2-s2  s2k3  s2k+s\ k k—s
N 1 1 2 N 2 -1 1 1 2 (1 -1\1
- o 35 (0 D)) 3 2
1+s2 1+k2 = s2k3 'g() 1+s2  s3) \k+s k-s/2s s3\k k+s/s

N 1 12 21 (@ 1 1) 1 (_&S)_I_ 1 1) 1

T 1+s21+k2 | s2k3 ' stk 2s 2(1+s2) T st ks 2s s(1+s2) T %) k+s

N 1 1 2

2
T 1+sZ1+4k2  s2k3

21 1 1 —_— e e
+ ot A(S)E + B(s)mwhere A(s) + B(s) = €y

s4

s . 1 2,2 xs —Xxs
oz Sinx + 5 x° + S+ A(s)e™ + B(s)e

Sou(x,$) =
Then u(m, 8) = 0+ 7% + = + A(s)e™ + B(s)e™™ = 0

Or A(s)e™ + B(s)e™ = T2 (2)

2
Therefore A(s) = (_”__£+£e—ns)

2sinhms

S .

&) — 1 2,2 xS _ _ 2\, -xs
We haveu(x,s)—1+5251nx+szx +S4+A(s)e +( A(s) 54)e
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s
1+s2

&) = ; 1.2, 2 . 2 _
u(x,$) = sinx + = x +S—4+A(s)251nhxs—s—4e xs

3
Or u(x, t) = costsinx + tx? + % + 27 H{f(s)}

sinhxs ( w2 2 2

— i _i XS — - = 2 p,— TS _1 —XS
Where f(s) = A(s)2sinhxs — Ze +oe ) =€

sinhms

We will use the Complex Inversion Formula to find the inverse Laplace Transform

le. 871{f(s)} = X, Res[f(s)e*t,p], p are poles of f(s)e"t

s —TtS

. e i
For the poles, we solve, sinhs = ——=0 & e =1 =¢eR™M ne7

So we have poles at s = in € iZ. The pole at s = 0 is of order 4 and the other poles are simple(order 1)

Whenn # 0,

St a1 _ 1 ' .y [sinhxs (_n_z 2,2 —ns) 2 —xs] st
Res[f(s)est, in] = limg_,;, (s — in) [Sinhns +=e € e

2 2 2 ; ; s—in 2 ;

= sinh(xin (— - e‘”(m)) e lim — — =Y jm (s — in

( ) (in)2  (in)* + (in)* s—in sinhms  (in)* s—»in( )

2 2 2 ; 1 s—in 1 1 1 1

= isin(nx) (= — =+ = (-1 ”)emt— 0, since lim = lim = = =

( ) (n2 n* + n* ( ) m(-1)" +0, s—oin sinhms  sSinmcoshms  mcosh(imn)  mcos(mn) m(—1)"

(-1 2(1-(-1)™)\. . ;

=( ( 2) + X (4) )) isinnxe™t

n mn

And

Res[f(s)eSt’ 0] = lims_n)% @ {54 [m (_n_z _Z + Sie—ﬂs) _ Sie—xs] est}

ds3 sinhms

1 d3 {sinhxs

= limgo - (—n?s? — 2+ 2e™)est — Zes(t_x)}

sinhms
We will use MATHEMATICA for this, see next page

3
The answer is, Res[f (s)e", 0] = _% — tx2

Therefore

LHf ()} = Zp Res[f(s)e*,p] = Res[f(s)e*,0] + L= o nzo Res[f(s)e, in]

int

t3 n(-D" | 2(1-(-DM) . .
=Lt +Z?{’:-oo,n¢o( e )Lsmnxe

_ 2 n(-)" | 201=-(=DM)Y. . int —int
=—S—tx +Zf{’=1( T )lsmnx(em —e™)

(- + 2(1-(-1"

¢3 2 o - .
= —tx - ( ) isinnx2isinnt
3 + Zn_l n2 4

ot 2 2r(-D)"  4(1-(-1D™) . .
=-5—tx +Z;‘{’:1(—  S— )smnxsmnt

_2n(-D" _ 4(1-(-D)M)
n2 nn*

. . 3 3 . .
Finally u(x,t) = costsinx + tx? + TS tx?2 + Y%, ( ) sinnxsinnt

_2m(-D"  4@a-(-1")
n#

Or u(x, t) = sinxcost + Yp—q ( ) sinnxsinnt

n2

There are some places to fix, see if you can find them. It was a good mistake trying to solve this by Laplace!
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Sinh[x s] 2 2 2 2
= £[s_, %] i1= —89 — [-— - —+ —&7%| - —e™**
Sinh[rns] s?2 s? st st

Iz~ Expand[D[s~4 £[s, x] e*%, {s, 3}] /6]

1
Ouigle - — @ 5% 3 4 @St X 2y @St x2 4 et 3 _ et 1% x Cosh[s x] Csch[ns] +
3 3
e 5"t 12 x Cosh[s x] Csch[ns] -2e” %" 1t x Cosh[s x] Csch[ns] -2e°"n°stxCosh[sx] Csch[ns] -
1
et t2x Cosh[s x] Cschnms] +e %% t2x Cosh[s x] Csch[ns] - —e®* n? s?2t? x Cosh[s x] Csch[ns] -
2
1
— et %% Cosh[s x] Cschlns] + —e %%t x3 Cosh[s x] Csch[ns] - —e®"n? s? x> Cosh[s x] Csch[ns] +
3 3 6

2@ 5%t 712 x Cosh[s x] Coth[ns] Cschlns] +2e°"7° s xCosh[s x] Coth[ns] Csch[ns] +
2e** 7t xCosh[s x] Coth[ns] Csch[ns] -2e %" 1t xCosh[s x] Coth[rms] Csch[ns] +
e 7 s> t x Cosh[s x] Coth[ns] Csch[ns] -e®" 7% x Cosh[s x] Coth[ns]?Csch[ns] +

1

et 12 x Cosh[s x] Coth[ns]?Cschns] - —e®" n* s? x Cosh[s x] Coth[ns]?Csch[ns] -
2
3 s 1 3
et 1?2 x Cosh[s x] Cschms]’+e” %t 12 x Cosh[s x] Csch[ns]’- —e**n?s?xCosh[s x] Csch[ns]’ -
2
1

— et g3 cschins] Sinh[s x] -e®** 7 t Csch[ns] Sinh[s x] +e 5% n? t Csch[xs] Sinh[s x] -
3

1
e’ 5"t rt?Cschns] Sinh[s x] -e®*"7n? st? Csch[ns] Sinh[sx] - —e®“t3Csch[ns] Sinh[s x] +
3

1
e s*st t3 cschlns] Sinh[s x] - — et 7 s? t®> Csch[ns] Sinh[s x] - e 5"t 1t x% Csch[ns] Sinh[s x] -

1
3
et 2 s x?Csch[ns] Sinh[s x] -e*"t x?Csch[ns] Sinh[s x] + e 5%t x?2 Csch[ns] Sinh[s x] -
1
—e*t 7?2 s?t x?Csch[nrs] Sinh[s x] +e°® 7° Coth[ns] Csch[ns] Sinh[s x] -

2

et 13 coth[nms] Cschns] Sinh[sx] +2e 7" n2 t Coth[ns] Csch[ns] Sinh[s x] +
2e st Coth[ns] Csch[ns] Sinh[sx] +etmt?Coth[ns] Csch[ns] Sinh[s x] -

e”'s*St xt? Coth[ns] Csch[ns] Sinh[s x] + % et 7 s? t? Coth[ns] Cschns] Sinh[s x] +
et 1 x? Coth[ms] Cschns] Sinh[s x] - e %%t rx% Coth[ns] Csch[ns] Sinh[s x] +
%e“Jﬁ s? x? Coth[ns] Csch[ns] Sinh[s x] - e 5"°% ® Coth[ns]?Csch[ns] Sinh[s x] -
eSt ' s Coth[ms]?Csch[ns] Sinh[s x] - e®® n? t Coth[ms]?Csch[ns] Sinh[s x] +
et 12 t Coth[ns]?Csch[ns] Sinh[s x] —%e“n‘l s?t Coth[ns]?Csch[ns] Sinh[s x] +
1 1

g e3® 7° Coth[nms]® Csch[ns] Sinh[s x] - g e 33t 13 coth[ns]® Csch[ns] Sinh[s x] +

1

g et ° s? coth[ns]® Csch[ns] Sinh[s x] -e***% 5° Csch[ns]® Sinh[s x] -

eSt ¥ sCschims]®Sinh[sx] -e®*n? t Csch[ns]®Sinh[sx] +e %% 7% t Csch[ns]®Sinh[s x] -
%e“ﬁl s?t Csch[ns]® Sinh[s x] + g et 5 Coth[ns] Cschns]® Sinh[s x] -

5 5

g e 733t ;3 coth[ns] Csch[ns]®Sinh[s x] + g et 7° s? coth[ns] Csch[ns]® Sinh[s x]

3= Expand[Limit[%, s -» 0]]

t3
ougl- - — -t x?
3

Or directly using Residue
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In4]:- Expand[Residue[f[s, x] E*(st), {s, 0}]]
£3

outfl= - — - t x°
3

See that directly using InverselLaplaceTransformdon' t give any results

5= InverseLaplaceTransform[f[s, x], s, t]

1 es 2 2e7”s 2
2 (-le=xi <) (_7
2 2

Out[5]= InverseLaplaceTransform{ _ , s, t
_e—ﬂs + ens S4

Note that Dsolve can' t sove this PDE with boundary conditions

In[6]:= DSolve[{D[u[x, t], {t, 2}] ==D[u[x, t], {x, 2}], u[O, t] == O,
u[Pi, t] == 0, u[x, 0] == Sin[x], x*2 ==D[u[x, t], t] /. t » 0}, u[x, t], x, t]

Out[6]= DSolveHu(O’z) [x, t] =u®%[x, t], u[0, t] = 0,
ulr, t] =0, ulx, 0] =8sin[x], x* =u®" [x, 0]}, ulx, t], %, t]

But you can find Fourier Series
Inf7= h[x_] := Piecewise[{{-x*2, x <0}, {x*2, x20}}]

gl Plot[h[x], {x, -Pi, Pi}]

10+

out[8]= ‘ ‘ ‘
1 2 3
_10,
Inf9]= FourierSeries[h[x], x, 5]
, 41 i 1 , 1 , 1 ‘ 1 ‘ iet* (-4+n?)
oujgl > 1% e |- —de? gy —1e* - —de e —iee* e —moo
1257 5 2 2 4 4 7T
J'Le“<—4+7r2) J'le’3“<—4+97r2) je3ix(—4+9ﬂ2) J'Le’5“(—4+257r2)
+ - +
s 27 1 27 7 12571

In[10]:= Table[FourierCoefficient[h[x], x, n], {n, 0, 5}]

i(-4+7%) inx i (-4+97%) ix 4i din
Out[10]= {0, I s A ——}
rr 2 271 4 1257 5

Lets see if we have solved the problem

2Pi (-1)*n 4 (1-(-1)*n)
Inf11= b[n_] := - -
n*2 Pin*4

Inf12]:= u[x_, t_] := Sin[x] Cos[t] + Zb[n] Sin[nx] Sin[n t]

n=1
in13)= D[u[x, t], {t, 2}] -D[u[x, t], {x, 2}]
Out[13]= 0
Inf14:= a0, t]

Out[14]= 0
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In[15]:= u[Pi, t]
out{15]= 0

Infte1= ul[x, 0]

Out[16]= Sin[x]

Inf17:= D[u[x, €], t]1 /.t >0

nfg- k[x_] := Zi (24 n Log[l + e"'”‘] -21in? Log[l + e"“‘] +
7
4 J'J.PolyLog[3, —e'ix] —4:|'1PolyLog[3, e'ix] - 4:|'1PolyLog[3, —e"“‘] +4 J'J.PolyLog[3, eix])
o)~ Plot[{k[x], h[x]}, {x, -2Pi, 2Pi}]
401

20

out[19]=

Lets plot the solution in 3D

Inf20]:= Sin[x] Cos[t] + Zb[n] Sin[n x] Sin[n t]

n=1

1
i~ v[x_, £_] := — (-7® PolyLog[2, -e™* ™ ] - »® PolyLog[2, -e* *™ ] + »* PolyLog[2, -e™* 9] +
27

72 PolyLog[Z, -t (&) ] +2 PolyLog[A, -t (t-x) ] -2 PolyLog[4, e (£-x) ] +
2 PolyLog[4, -t (&%) ] -2 PolyLog[A, el (£-¥) ] -2 PolyLog[A, -t (t+x) ] +
2 PolyLog[4, e (E+x) ] -2 PolyLog[4, -t (&) ] +2 PolyLog[A, el (8+x) ] ) +Cos[t] Sin[x]

Inf23)= Plot3D[v[x, t], {x, 0, Pi}, {t, 0, 2}, AxesLabel -» {x, t, v}]

Out[23]=




